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INTRODUCTION 

IN CERTAIN metal and polymer forming processes such as 
extrusion, hot rolling and drawing, a hot flat sheet or a 
cylindrical rod issues continuously from a slot or die and 
exchanges heat with the surrounding fluid medium on route 
to the take-up reel (Fig. 1). Information regarding the 
momentum exchange and heat transfer along such a moving 
surface may be useful in determining the heat transfer rates 
in manufacturing processes. 

In view of these applications, Sakiadis [l] presented theor- 
etical solutions for a flat surface moving in a quiescent fluid. 
Tsou et al. [2] showed that this flow is physically realizable 
under laboratory conditions and theoretically analyzed the 
stability of the flow [4]. Later investigations addressed the 
influence of variable fluid properties [4], buoyancy [5] and 
transverse conduction effects within the moving surface [6]. 
These analyses pertain to a special case (u, = 0) of the more 
general analysis where the surface and the ambient free 
stream fluid are in motion. Ahdelhafez [7] recently presented 
a numerical analysis of the general problem, including a 
solution of the corresponding Navier-Stokes equations. 

[l] (with the boundary conditions, at y = 0: u = u,, t = t, 
and at y=6, 6,: u=u,, t = t,) apply. Boundary layer 
assumptions are not satisfied near the slot wall due to edge 
influences. Axial conduction within the flat surface also invali- 
dates the boundary layer assumptions. Far away from the 
entrance slot, the influence of edge effects is minimal. For a 
high Peclet number flow, the axial conduction within the sur- 
face can be neglected. Thus, the results of this boundary layer 
analysis with isothermal wall conditions may be applicable to 
a thin flat surface, away from the entrance slot in a high Peclet 
number flow. The integral form of the governing equations is 
obtained after integration from y = 0 to 6, S, as 

In this note, flow and thermal transport from a surface 
moving through a flowing fluid are investigated both ana- 
lytically and numerically. By using an integral technique 
along with a perturbation procedure, simple closed form 
expressions are obtained in this study as a function of the 
velocity differential between the surface and the free stream 
fluid. The resulting expressions permit quick estimations of 
the skin friction and heat transfer rates thereby circum- 
venting the computer calculations used in previous studies. 
Comparisons with the numerical simulations indicate the ana- 
lytical expressions to bc fairly accurate. 

where 

foru,>u,, i=w 

foru,<u,, i=c0. 

The boundary conditions are 

aty = 0: 

a2u 
$-$=o, t=t,, 

a3 
u = u,, av” 0 

ANALYSIS 

Consider a solid flat surface of temperature T, issuing from 
a slot at a constant velocity u,, (Fig. 1). For a steady, laminar, 
two-dimensional and incompressible flow with uniform wall 
temperature conditions, the governing boundary layer equa- 
tions (mass, momentum and energy) as developed by Sakiadis 

aty=a: 

at y = 6, : 

where 

au a% 
u = u,, -=-s=() 

ay ay 

at a9 
t=t,, -_=--0 

ay ay* - 
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FIG. 1. Flow model of a moving surface. 
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NOMENCLATURE 

G, local skin friction coefficient defined by Greek symbols 
equations (10) and (18) thermal diffusivity of the solid 

c, specific heat of the fluid $:, thickness of the velocity and thermal boundary 

h., local heat transfer coefficient layers 
k thermal conductivity of the fluid ‘7 non-dimensional thickness, r/S 
L characteristic length of the surface /J absolute viscosity 

Na, local Nusselt number defined by equations 1’ kinematic viscosity 
(16) or (21) i non-dimensional thickness, J>/S, 

Pe Peclet number, u,L/ct, P density 
Pr Prandtl number of the fluid r shear stress. 

Y? 
local heat flux 
velocity differential parameter, equations (9) 
and (17) 

Re, local Reynolds number 
t temperature Subscripts 
U,C streamwise and transverse components of W wall 

velocity. Ix’ free stream. 

at 
qw = -k aj ,,=“’ 0 (6) R’: id i A,~(*,d)+A,~(*,d) 

Fourth-order velocity and temperature profiles satisfying the 
above boundary conditions are chosen, namely 

(7) 

t-t, ~ = 1-2(+253_;4. 
t,-t, (8) 

Case 1 : u, 3 u, 
Solution of the momentum equation (1) with the velocity 

profile (7) and the boundary condition 6(x = 0) = 0 yields 

:Re:” = 2 
R 

> 

I:2 

0.3R-0.1174R’ 

where 

R=l-u”, Re,zU”.Y, 
UW v 

The local skin coefficient is defined as 

au 

p av,=o 0 c, = , = 
2(R(0.3R-0.1174R2))“’ 

fP”W 
ReI” (10) 

1: 

Substituting the velocity and temperature profiles, equations 
(7) and (8), into the energy equation (2) and integrating for 
fluids with Pr > 1 yields 

$A-;RA’+&RA’-&RA’ 
2k 

=pc,u,’ 

A=;. (11) 

To solve the above non-linear differential equation, a per- 
turbation series of the type 

A = f RnAn 
n=o 

is assumed, substituted in equation (11) and coefficients of 
like powers of R compared. This yields (note : for simplicity 
attention is restricted to the first two powers R”, R’) 

(12) 

- ;A&(A;6) = 0. (13) 

Solving the above equations yield 

where 
R 

A’ = (03R-0.1174R’) 
(14) 

A two-term approximation of the above series A r A,+ RA, 
yields 

The analysis is similar to the earlier case. Equations (7) and 
(8) are substituted into equations (1) and (2) and integrated 
to obtain 

ZRe:” = 2 

i 

R 

> 

I, z 

(0.3R-0.1824R2) ’ R = ’ - :’ 

1, , I 
Re, = ----- 

1 (17) 

The local skin friction coefficient is defined as 

au 
p a?, ,.=I3 0 2{R(0.3R-0.1824R*)j”’ 

c,, = ~I = ~~-,--~~, 

Re’,2 (18) 
TP% r 

Further, the integral energy equation (2) yields 

AZ A,+RA, = {&$+{&$} 

where 
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FIG. 2. Skin friction and wall heat transfer results as a function of the velocity differential parameter R 
(Pr = 7.0). 

Thus, the thermal boundary layer thickness is 

Hence the Nusselt number is 

(21) 

In order to compare the results of the approximate 
expressions derived (equations (IO), (16), (18) and (21)), 
numerical solutions were obtained for water (Pr = 7) and 
air (Pr = 0.7). Governing equations were considered in the 
similarity form [7] and a fourth-order RungeKutta method 
[E] was used to obtain the solution of the velocity field. The 
temperature profiles were obtained by solving the energy equa- 
tion in an implicit finite difference form. A step size of 0.025, 
&xirn”rn = 10 and a convergence criterion of 10m6 (to satisfy 
the free stream velocity boundary condition) were used in the 
numerical simulations. 

RESULTS 

Figure 2 shows the dependence of skin friction (C, Re$‘/ 
2) and heat transfer (Nu,/Rei”) as a function of the velocity 
differential R between the solid surface and the flowing free 
stream. The skin friction results, equations (10) and (18), 
compare to within 4% of the numerical solutions. For the 
case u, > u,, the analytical heat transfer results compare 
within 3% to the numerical results. When u, d a,, as R 
increases beyond 0.5 (Fig. 2(b)), heat transfer results 
obtained by the two-term approximation begin to diverge 
considerably from the numerical solution. As R -+ 1, the 
difference is as much as 53% for water. In order to obtain 
more accuracy, a three-term approximate series of A was 
considered. This yields 

NU, Pr’j2 

Re:12 - 10 “I 

0 

(22) 

T 
+RA2+R2A, 

where 

A, =Az-A,(&y*-A;&~‘. (23) 

The difference (Pr = 7, R + 1) reduced to 34%. An extension 
of the current analysis to air (Pr E 0.7) yields the results 
given in Table 1. Further inspection of Fig. 2 reveals that the 
analytical skin friction predictions are closer to the numerical 

results as compared to the heat transfer predictions. This 
could probably be attributed to the additional approxi- 
mations (i.e. truncation of the series of A, linearization of 
the non-linear differential equation by the series technique) 
used in solving the energy equation. 

The skin friction and heat transfer results of a surface 
moving faster than the free stream (u, > u,) are higher as 
compared to a surface moving slower than the free stream 
(uw < u,) (Fig. 2). The reason is, for the same velocity 
differential (R) and the same Reynolds number (Re,), the 
momentum and thermal boundary layers (6, 6,) are thinner 
in the former case, u, > u, as opposed to the latter case, 
u, < u, (see equations (9), (15), (17) and (20)). For thinner 
shear and thermal boundary layers, sharper gradients exist 
at the wall leading to higher skin friction and heat transfer 

Table 1. Comparison of Nusselt numbers for air (Pr = 0.7) 

R Nu,/J(Re,) %D NuJJ(Re,) %D 

N 0.47 
-2 

A2 0.4583 

N 0.47 

A2 0.4583 
A3 0.4583 

N 0.4445 

-2 
-2 

0 

0.2 

0.4 

0.6 

0.8 

1.0 

N 0.453 
-4 

A2 0.436 

N 0.4315 
-3 

A2 0.4175 

N 0.4085 
-2 

A2 0.4022 

N 0.3823 
2 

A2 0.3896 

N 0.3525 
8 

A2 0.3976 

A2 0.4362 
A3 0.4362 

N 0.4134 

-2 
-2 

A2 0.4137 
A3 0.4132 

N 0.3789 

-0 
-0 

A2 0.3907 
A3 0.3872 

N 0.3401 

3 
2 

A2 0.3673 
A3 0.3572 

N 0.294 

8 
5 

A2 0.3436 17 
A3 0.3226 10 

- 
N, numerical solution of Abdelhafez [7]; A2, two-term 

series solution ; A3, three-term series solution : %D, differ- 
ence, ((N- A2 or A3)/N) x 100. 



1386 Technical Notes 

rates. The decreasing trend of the skin friction [Fig. 2(a)) as 
R + 0 is due to the reduction in the relative velocity between 
the plate and the free stream. This leads to milder velocity 

, 

gradients at the wall decreasing the skin friction. As R 
decreases, the heat transfer parameter (Nu,/Re~“) increases 
(Fig. 2). Since the velocity field drives the temperature field 

2, 

in forced convection. increased fluid velocities near the wall 
(a result of a decrease in R) enhance the heat transfer. 3 

CONCLUSIONS 
4. 

Analytical expressions were developed to estimate the skin 
friction and heat transfer for a surface moving in a flowing 5. 
fluid. Analytical predictions match the numerical simulations 
to within 4% for skin friction. Heat transfer predictions 
likewise compare well (maximum deviation is about 8%) 
with the numerical results when U, > U, ; 0 < R < 1. For 6. 
u, < U, (as R --t 1) the error committed by using the approxi- 
mate relations can increase up to 35% for water (Pr = 7) 
and 10% for air (Pr = 0.7). Current expressions permit quick 7. 
estimations of the skin friction and heat transfer cir- 
cumventing the need for computer calculations. Since bound- 
ary layer approximations are made with isothermal wall 8. 
conditions, they may be valid only for a thin flat surface 
away from the entrance slot, in a high Peclet number flow. 
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